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Abstract

We characterize essentially algebraic composition operators on weighted Lorentz-Karamata sequence spaces.
Under natural hypotheses—finite-to-one self-map, uniformly comparable weights on periodic cycles, and regular
variation of the slowly varying function—we establish the tree-selection lemma, the enter lemma, and derive the
compactness criterion from regular-variation estimates for the fundamental function. The slowly varying factor does
notchange the zero/nonzero nature of the asymptotic ratios that determine compactness and essential algebraicity.
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1 Introduction

Let X = (X, X, 1) be a o-finite complete measure space and let
T:X — X be a measurable transformation, that is, T"1(4) € £
forany A € Z.1fu o T~*(A) = 0 for each A € T with u(4) =0,
then T is said to be non-singular.

Any non-singular measurable transformation T induces a linear
operator Cy from L°(X) into itself defined by
CrHO =foTMO =fT®), teX, feL(X), (1)

where L°(X) denotes the linear space of all equivalence classes
of X-measurable functions on X. Here we identify any two functions
that are equal pu-almost everywhere on X.

Let M, be the class of all functions f in L°(X) that are finite u-almost
everywhere on X. For f € M, we define the distribution function ps
of f on (0, ) by

ue (D) = u({x € X:|f ()| > 2}

and the decreasing rearrangement f* of f on (0, ) by
f(®) =inf{A > 0:pp () < t} = sup{d > 0: pp () > t}.

The Lorentz space LP(u) is the set of all classes of E-measurable
functions f on X such that the functional || f Il,,q< o, where

o dt 1/q
(f (tl/"f"(t))qT> , ifl<p<oo,1<q<oo,
0

suptMP £ (8),
t>0

I fllpg=
ifl <p < o0,q = o0,

Take X = N, 2 = 2N and u({n}) = 1. Then the Lorentz sequence
space £P4 is the set of all sequences a = {a,} € c, such that the
functional || a |l ,q< o0, where

o 1/q

Z(nl/pa;)qn‘1 , fl<p<ow1<qg<om,
Ihallpg= 4 \i=
supn'/Pay, ifl <p < o0,q=o.
nz1

Ifwe take X = N, £ = 2N and u: N - (0, ) is the weight function,
then the corresponding Lorentz sequence space with weight u is
denoted by {’Z’q and

= 1/q
Z(nlfpa;y(n))q , ifl<p<owl<q<oo,
halpe,=\i=d

supn/Paju(n), ifl <p < oo,q=oc0.
nz1

Note that the Lorentz spaces are quasi-normed linear spaces and the
functional ||-ll,4 is anorm ifand only if 1 < g < p < worp = q = oo.
For any X-measurable set A of finite measure, we have

®/DYIA)YP, ifl<p<oo,1<q <o,
0= Gugayyre,

For details about Lorentz spaces one can refer to [1, 5]
and references therein.

ifl <p < o0,q =oc0.

Theorem 1.1 ([6, Theorem 2.3]). Let T: X — X be a non-singular
measurable transformation. Then T induces a bounded composition
operator Cy on LP1(u), 1 < p < o, 1 < q < oo if and only if there
exists some constant M > 0 such that p o T~1(A) < Mu(A),

oT1(4) 1/p
hA €3 M N Cr ll= L),
for eac oreover, || Cr |l ilg:) ( o) )

0<p(A)<oo

For Orlicz spaces see [9, 13, 14] and for composition operators
on Orlicz spaces one can refer to [8, 14] and references therein.
The work of this paper is motivated by the interesting work of
Bottcher and Heidler [3, 4].

Definition 1.2 Let C[z] denote the ring of univariate polynomials
with complex coefficients. A polynomial

f(2) = apz™ + ayp_1z" ' + -+ a2 + ay € C[z]

is said to be monicif a,, = 1.
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Definition 1.3 An operator U on a Banach space B is said to be
algebraic if there is a non-zero polynomial p(z) such that p(U) = 0
and U will be called essentially algebraic if there is a non-zero
polynomial q(z) such that q(U) is compact.

Definition 1.4 The monic polynomial p(z) of the least degree
Such that p(U) is zero is called the characteristic polynomial of U.

Definition 1.5 The monic polynomial q(z) of the least degree
such that q(U) is compact is called the essentially characteristic
polynomial of U.

Let p, and g, represent the characteristic and essentially
characteristic polynomials associated with the linear operator U.
Also for a polynomial p(z) € C[z], (p(2)) denotes the two sided
ideal p(2)C|z].

Let B(X) be the collection of all bounded operators on a Banach

space X and K (X) be the collection of all compact operators on

X. B(X) is a Banach algebra under the operator norm and K (X)

is a two sided ideal in B(X). Let m: B(X) — B(X)/K(X) be the

natural map of B(X) onto the Calkin algebra B(X)/K(X). Let

alg(U) = (p(U): p(2) € Clz]} and alg, (V) = {p(n(V)): p(2) € Clz]}.

In case alg(U) is finite dimensional, alg(U) is isomorphic to C[z]/(p,(2))
and is a closed subalgebra of B(X). In case alg,(U) is finite dimensional,
alg, (V) is isomorphic to C[z]/(q,(z)) and is a closed subalgebra of
B(X)/K(X). The essential characteristic polynomial of U is actually

the characteristic polynomial of the Calkin image w(U) of U in the Calkin
algebra B(X)/K(X). See [3, 4] for more details about the above definitions
and notations.

Algebraic and essentially algebraic composition operators on
P, 1 < p < oo are studied by Béttcher and Heidler [4] and these
results were extended to Orlicz spaces by Kumar and Kumar [5].
2 Weighted Lorentz-Karamata Sequence Spaces

Let Q = N, Z = 2V, and let u,, > 0 be a weight sequence.
Define the weighted counting measure

#(A) = Eneattn,  ASN.(2)

LetT:N — N be a self-map. Since u,, > 0, every subset of
measure zero is empty, so every self-map is nonsingular.
The composition operator is

CrH() = f(T(n)).

Let b: (0,00) = (0, o) be a slowly varying function. For
1<p<oo, 1<q<oo,

the weighted Lorentz-Karamata sequence space
LK:": is the set of all sequences a = {a,} such that

Nalyoou= ([ 7b0a ©) L) <o, (3)

where a* is the decreasing rearrangement of a with respect
to . When b = 1, LK}l is the usual weighted Lorentz sequence
space LP49(u).

Assumption 2.1 The function b: (0, c0) — (0, ) is slowly varying

at 0 and at o, locally bounded, and positive. We write b € SV, N SV,,.
Under Assumption 2.1, the space LK}d with the functional Il-llp,q.p
is a rearrangement-invariant Banach function space with the

Fatou property (see [11, 12, 10] for details). Throughout, LK;’;}
denotes this Banach realization.

Assumption 2.2 The self-map T: N — N is finite-to-one: for every
n € N, the fiber T~1({n}) is finite.

Assumption 2.3 There is a constant K > 1 such that for every
periodic cycle {n, T(n), ..., TS"*(n)} of T, and for all r, 7' € {0, ..., s — 1},

-1 H({T"(n)}) <
RO

Definition 2.4 For 1 < p < ©,1 < g < o, define the

fundamental function analytically by
1/q

D(s) = (fs(tl/pb(t))q %) . s>0.
0

Lemma 2.5 For every measurable set A of finite

measure, | x4 llp,qpu= PU(A)).

Proof. The distribution function of x, is u,, (1) = u(4)
for0 <A <1andO0forA= 1. Hence (xa)"(t) = Xjoucay(®)-
Substitution in the norm gives the result.

Proposition 2.6 Under Assumption 2.1, for
1/q

q < o, d(s) ~ (S) s1Pp(s)

In particular, ® € RV, at both endpoints.

(s = Oors — ).

Proof. Write the integrand as t4/P~1b(t)?. Since b4
is slowly varying and q/p > 0, Karamata’s theorem
(see [2, Theorem 1.5.11] ) gives

s

f taP=1 p(t)1 dt ~ ssq/pb(s)q (s = Oors — ).
0

Taking g-th roots yields the stated asymptotic. O

Corollary 2.7 Under Assumption 6, ® satisfies the doubling

D(25)
>0 <Cy<o (s >0).

Proof. By Proposition 2.6, the ratio ®(2s)/®(s) tends to

21/P > 1ass - 0and as s — . Since @ is continuous and
positive on every compact subinterval [a, b] © (0, ), the
ratio is bounded above and below by positive constants there.
Combining the two endpoint limits with the compact-interval
bound yields global constants ¢y, Co with 1 < ¢y < Cy < 0. O

condition 1 < ¢y <

Lemma 2.8 (Global scaling and inversion estimates).
Under Assumption 2.1, the following hold.
1. (Scaling estimate.) For every § € (0,1/p)
there exists Cs = 1 such that for all0 < A < 1 and
all s > 0, d(As) < C5 AYP=8 d(s). Equivalently,
witha =1/p =86 >0, P(As) < C, A% P(s) (0<A<1,5>0).

2. (Inversion estimate.) For every n > 0 there exists

&> 0 such that forall s,t > 0, (s) < eP(t) = s <nt.
Proof. Since ® € RV, ;, at both endpoints and is continuous
and positive on (0, ©), it satisfies Potter-type global bounds:
for every § > 0 there is a constant Cs > 1 such that for all s, t > 0,

1/p—6 cp( ) 1/p+6
) 5=

1

C_5 (t < m <Cs (s<),

and the reverse inequalities for s > t. These bounds follow from
the Uniform Convergence Theorem for regularly varying
functions together with the continuity and positivity of ®

on compact subsets of (0, ) (see [2, Theorem1.5.6] and

[1, Chapter 2]).

(i) Fix 6 € (0,1/p) and let A € (0,1]. Applying the upper
Potter bound with s = At and t = t (so s < t), we get
@) _ €5 A1/P=5,

o) ~

Since this holds for every t > 0, we obtain the stated
estimate witha = 1/p — 6.

(ii) Letn > 0 be given. Choose § € (0,1/p) and letCs > 1
be the constant from the global Potter bound. Suppose
D(s) < ed(t) for some € > 0.1f s > ¢, then P(s) = P(¢)
(since @ is increasing), so € > 1 and s < nt is trivial for

n = 1;if 0 <7 < 1, we may assume s < t without loss of
generality, since otherwise the conclusion fails only for
the trivial case which we exclude by choosing ¢ < 1.

Assume therefore s < t. Set A = s/t € (0,1). Applying
the lower Potter bound with s = At, t = t, we get

LD NE R
() " Cs
Combining with ®(s) < e®(t),

L s OO
Cs o)
hence

1< (Cpe)a/Pe),

18.

https://academicsociety.org/deij/


https://academicsociety.org/deij/
https://academicsociety.org/deij/
https://academicsociety.org/deij/

By Discover

Ajay Kumar Sharma, and Malkesh Singh., / Discover Engineering: An International Journal (2025) W' Enginearing

Set
n(e) = (C‘Sg)l/(l/p'ﬂs).

Thenn(e) - 0ase —» 0,and s = At < n(e)t.
This proves (ii). O

Theorem 2.9 (Boundedness criterion). Let T:N - N
be a self-map. Then T induces a bounded composition
DT (A)
D(u(4)
where the supremum is taken over all A with 0 < u(A4) < oo.
Moreover, the operator norm is equivalent to this supremum.

operator C € B(LK}1) if and only if sup < oo,
! AcCN

Proof. Since LK,’;‘; is a rearrangement-invariant Banach
function space (see [11, 12] ), the composition operator

Cr is bounded if and only if the measure o T~1 is

absolutely continuous with respect to ¢ with a bounded
Radon-Nikodym derivative in the associate norm. Concretely:
Suppose first that there is M > 0 such that

u(T~1(A)) < Mu(A) for every A of finite measure.

For f € LK}l and 2> 0,

u{ICr 1> A = u(T {11 > D) < Mp(If] > 23).
Hence (Crf)*(t) < f*(t/M) forall t > 0. Therefore

« d @ d
Il Crf ”g""”"‘:fo (tl/”b(t)(CTf)*(t))thSL (ti/”b(t)f*(f/M))th-

Substituting u = t/M,
« du
= MaP f @Pb(Mw)f* ()" —.
0

By the doubling property of ¢

(equivalently, the slow variation of b), there is a constant Cy,
depending only on M such that b(Mu) < Cyb(u) forallu > 0.
Hence

0 Crf Npgous Cod M2 N £ Npgopr

so Cy is bounded.

Conversely, suppose Cr is bounded. For every A of finite
positive measure, y, € LK}/ and

I Crxa lpgpu=l Xr-10a) UIp,qpu= D(u(T(A))),

while || x4 "p,q,lw= ®(u(A)). Hence

D(T~H(A))) <l Cr | P(u(A)),

which gives the stated supremum bound. O

3 Essential Orbit Structure

For a self-map T:N - N, the set {n, T(n), T?(n), ... }

is called the orbit of n. If the orbit of n € N is a finite set,

then we define the enter length ent(n) and the cycle

length cycy(n) of the pointn as

enty(n) = min{k € N U {0}: T*(n) = T*¥*™(n)for somem > 1}

and

cycr(n) = min{k € N U {0}: T**+entr(®) () = Tentr() (n)},

If the orbit is infinite, then we take enty(n) = cycr(n) = co.

The maximal enter length of the self-map T:N - N

is denoted by ent(T) and defined by ent(T) = supenty(n)
neN

and the set of occurring periods or cycle lengths is

Per(T) = {k € N: N, (T) # ¢},

where

Ni(T) = {n € N:ent(n) = Oandcycy(n) =k}, (k=1).

In case |Ny (T)| = card(Ny(T)) = oo, we say that k is an
essential period of T. The set of all essential periods is
denoted by Wper(T). The set of all unessential periods
is defined as

Uper(T) = Per(T)\Wper(T)

and the set of all periodic points with unessential periods
is the set

Ny(T) = {n € N:enty(n) = 0 and cycr(n) € Uper(T)}.
The essential enter length Wentg, (T) for the self-map
T:N - N depends on the decreasing rearrangement

* and on u. If the set

No(T) = {n € N:ent;(n) > 1}

is finite, then we put Wentg (T) = 0. If No(T) is infinite,
then we define Wentg (T) as the minimal m € N such
that for every € > 0 there is a finite set F © Ny(T) with

QT ({(nh)

<e (4
oammy &

nENG(TI\F
Equivalently, the cofinite limit of the ratios vanishes:

S@IT"({mH) _
@ (u({nh)

m
NEN(T)

in the sense that for every € > 0, all but finitely many n € Ny(T)
satisfy the inequality. If there is no m € N such that the above
condition is satisfied, then we put Wentg,(T) = oo.

For details about the above definitions we refer to [3, 4].

Lemma 3.1 The following are equivalent:

[Per(T)| < oo & [Wper(T)| < oo, [Ny(T)| < co.
Proof. Suppose |Per(T)| < oo. Then Wper(T) < Per(T)
is finite. Also

Ny = U N(T)

€Uper(T)

is a finite union of finite sets, hence finite.

Conversely, suppose [Wper(T)| < o and |Ny(T)| < oo.
If Uper(T) were infinite, then since Ny (T) # @ for each

k € Uper(T) and the sets Ny (T) are pairwise disjoint,
the union Ny (T) would be infinite. Contradiction.

Hence Uper(T) is finite, so Per(T) = Wper(T) U Uper(T)
is finite. O

4 Norm Estimates for Characteristic Functions
Lemma 4.1 Let A, B be disjoint with u(A) = a,

u(B) =b,a < b.Putey = y,/P(a), eg = xg/P(b).

q_. q

Then forq < o, || e, — eg IIZ’q,b’#= 1+ W
q
In particular, ifa = b, then || e, — ep I19= (d;((z;)) .

Proof. The decreasing rearrangement of e, — eg is

1
m, 0<t<a,
(ea—ep)®=1{ 1
YOR a<t<a+b,
0, t>a+b.

Substituting this into the Lorentz-Karamata norm
gives the stated formula. O

Remark 4.2 Because @ is doubling (Corollary 2.7),

Lemma 4.1 implies that normalized differences of

disjoint characteristic functions are bounded away from

zero uniformly when a and b are comparable. Explicitly, if a = b, then

e —eg I (%) >0 >0,

independently of a.

Lemma 4.3 (Compression estimate). Let A € N
be a set of atoms, and let ¢ € (0,1].

Let f = Ynean X(ny € LKJ),! be supported on
A, and suppose thatﬂ(T'm({n})) <cu({n}) (n€A.

Then Il CFf lpgpu< C5 P70 | f pgpp

where § > 0 is arbitrary and Cs depends only on §,p, q, b.
Proof. For 1 > 0, set Ay = {n € A:|ay,| > A}. Then

HAICTf1 > 2} = u(T™™(42) = Z (T Mmh) <c Z w({nh) = cudlfl > Ap-

nea, neAx

Hence (C7*f)*(t) < f*(t/c) forall t > 0. Therefore
vers = | @b CEN O L < | @ BOf /e L.
0 t 0 t

Substituting s = t/c gives
@ ds
= calp f (sYPb(es)f* ()" —
0

19.
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By Potter’s bound, b(cs)? < Cy c™p(s)4 for c < 1and any & > 0.
Hence

hcprnis ¢ caAP=8) || £ |ja.

Taking g-th roots gives the result. O

5 Disjointness of Preimage Trees

Lemma 5.1 Let n € N be aperiodic, i.e.n

is not periodic. Then fori # i', T"{({n}) N T'i’({n}) =a.
Proof. Suppose x € T~{({n}) N T~ ({n}) withi < i’.
Then Ti(x) = T¥' (x) = n. Applying T¥'"~ to the first
equality gives T%'(x) = T*'~(n). Hence T ~i(n) = n,
so n is periodic with period i’ — i, contradiction. O

Lemma 5.2 Suppose T satisfies Assumption 2.2 and Ny (T)

is infinite. Let t > 0. Then for every infinite set S S No(T)

there exists a sequence {n;};.; < S such that the sets
T-i({n;}), i=01,..,t j=12,..,arepairwise disjoint.
Proof. We construct the sequence inductively.

Since S is infinite, choose n; € S arbitrarily.

Suppose ny, ..., n;_1 have been chosen. Define the finite set

k-1,t .
B = 1'91 (igoTl({nj}) u illeT_L({nj})).

Each Ti({n;}) is a single point (or empty), and each T~({n;})
is finite by Assumption 2.2. Since there are finitely many j
and finitely many i, the set By is finite. Since S is infinite,
choose ny, € S\By.

We claim that the sets T~{({n;}) fori = 0, ..., ¢

and j = 1,2, ... are pairwise disjoint. Suppose

x € T () N T2 ({ny})

for some j < k and iy, i, € {0, ..., t}.

Then Tt (x) = ny and T%2(x) = n;.

If iy > iy, then Th7i2(n) = Th™2(Ti2(x)) = Th(x) = 0.
So ny € Th~2({n;}) with iy — i, € {0, ..., t}, hence ny, € By,
contradiction.

If iy < iy, then T2 i (ny) = T2~ (Th(x)) = Ti2(x) = n;.
Sony, € T~ ({n;}) with iy — 5 € {1,..., ¢}, hence ny € By,
contradiction.

Therefore the sets are pairwise disjoint. O

6 Essential Characteristic Polynomial

Lemma 6.1 Let n be periodic with cycle length s,

so thatn, T(n), ..., TS™1(n) are distinct and TS (n) = n.
Letp(z) = X0 p; z). Forr =0,..,s — 1, put

ar = ij—r (mod s) Pj- Letm, = u({T"(M)}),

1

r=0,..,5 — 1 Thenp(Cr)eg; = mZ?;é r X (17 )}

max |a
> osr<s| i

Moreover, Il p(Cr)egmy 1=

o(ma) oBin, POmy)-

If Assumption 2.3 holds, then || p(Cr)egm 1= Cx max ey |.
sr<s
Finally, the algebraic identity ag = -+ = as_1 = 0 & z° =1 | p(2)
holds. More precisely, if p(z) = (z° — 1)h(z) + R(z)
with degR < s, then R(z) = Y5Zla, 2".

Proof. We have

t
1
p(Creq = (mo) § Pj Xr=i((ny)-
0 =0

On the cycle, the coefficient at the point 7" (n) is precisely a,..
Since the points T" (n) are distinct, the functions Y+
are disjointly supported. Hence
max|a,|
r
[p(Cr)eml = mx(m(n)),

where 1 is an index at which the maximum is attained.
Taking norms and using monotonicity gives the first bound.
For the second bound, by Assumption 2.3 and Corollary 2.7,
iterating the doubling inequality a finite number of times
yields ®(m,.) = cx®(m,) uniformly in r, where c¢x > 0
depends only on K and the doubling constant.

For the algebraic identity, divide p by z° — 1 with remainder:
p(z) = (z° — 1)h(2) + R(2), degR <s.

Write R(2) = Y$Z8 a, z". Since T" (n) = T"*$(n) for all r,

the coefficient of z" in R equals the sum of the coefficients

p; with j =7 (mod s), which is a,. Hence R = 0

iffalla, = 0,1i.e.iffz° — 1| p(z). O

Lemma 6.2 Suppose s € Wper(T). Then there exists a sequence
{n}721 of periodic points with period s such that the cycles
{n;, T(), ..., T~ (n)} are pairwise disjoint. Moreover, if p(z)
isa poly)r(wmialsuch that z° — 1 t p(2), then the sequence

_ nj}
51 = S
independent of j, such that Il p(Cr)f; 1= c for all j. Hence p(Cr)
cannot be compact.

satisfies || f; |= 1 and there is a constant ¢ > 0,

Proof. Since s € Wper(T), the set Ny(T) is infinite. We extract
a sequence of pairwise disjoint s-cycles greedily:

choose ny € N4(T); since Ny(T) is infinite, choose

n, € Ns(T) outside the finite cycle of n;; continue inductively.
For the periodic point n;, the entire inverse orbit is

contained in the cycle:

T () € (0, T(), -, TS )} (2 0).
Hence the supports of p(Cr)f; are contained in the disjoint cycles.
For each j, Lemma 6.1 and Assumption 2.3 give

I'p(Cr)fj 12 ¢ max e |,

where @, = Y= (mod 5)Pe- If z° — 1 § p(2), then not

all a, are zero, so max,|a,| > 0, and the lower bound

is uniform in j with constant ¢ = cymax,|a,| > 0.

Since the cycles are pairwise disjoint, the functions p(Cr)f;
and p(Cr) fy are supported on disjoint sets for j # k.
Applying Lemma 4.1 and Remark 4.2 with a = b = u({n;})
(after normalization), there is a constant § > 0,
independent of j, k, such that

I p(Cr)fj —p(Cr)fi 1= 6 > 0.

Thus the sequence {p(Cr)f;} has no convergent
subsequence, so p(Cr) is not compact. O

Lemma 6.3 Suppose m < Wentg (T).
Then there exist infinitely many n € No(T)

DT () — moy ... t
such thatiq)(u(m)) =/0.Ifp(2) = ppz™ + -+ Pz

with p,, # 0, then along a suitable sequence,

Q™ ({(n)))
I p(Cr)ewmy 1= ¢ |pml 7';(“(“1%;) .Hence p(Cr)

cannot be compact. Therefore, if p(Cr) is compact, then
Pm = 0 for every m < Wentg(T); equivalently,
ZWentq,(T) | p(Z).

Proof. Since m < Wentg(T), thereisan e > 0

and an infinite set S © Ny(T) such that

P
Pund)

Otherwise the cofinite limit defining Went (T)

would vanish for this m, contradicting m < Wentg (T).
Apply Lemma 5.2 with t equal to the degree of p and
with the infinite set S, obtaining a sequence

{n;} S such that the sets
T}, i=01,..,¢t,
are pairwise disjoint.

By Lemma 5.1, for each fixed j the sets T’i({nj})
fori =0, ..., t are pairwise disjoint. Lemma

5.2 ensures disjointness across different j.

For each j,

(nes).

j=12,.,

t
1
p(Crlemy = m; Pi Xr-itny):

The term with i = m has coefficient p,,,/®(u({n;}))
and is supported on T~ ({n;}), which is disjoint
from all other terms. Hence
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W27 (ny)) |

@ (u({ny}))

T ({1 )))
®(u({n})

I p(Crleg) 12 |pml

= |pml = |pmle.

This is a uniform lower bound. The sequence €(n;}
is bounded (norm 1), and the images p(CT)e{nj}
have disjoint supports, so by the lattice property,

I p(Crem; — p(Cremy I1Z [pmle G # k).

Thus no subsequence converges, and p(Cr) is not compact. O

7 The Key Compactness Lemma

Lemma 7.1 Let T: N — N be a self-map satisfying
Assumptions 2.2 and 2.3.Assume that b € SVy N SV,
and that Cr € B(LK]]).

Ifm = Wentg(T) < o and |Per(T)| < oo,

then q(Cr) = CF* Tlkewpercr) (CK — 1) is compact.
Proof. Decompose N = Ny, U Ny, with

N,

per = {n:enty(n) = 0}, Ngp = {n:enty(n) = 1}.

Both sets are forward T-invariant: if n € Ny,
then ent(n) = 0 and hence ent(T(n)) = 0,

50 T(n) € Npe,; similarly for Ng,. Since LKE"E isa
Banach lattice with order-continuous norm,

the multiplication projections
PoerXmy = Xmyforn € Npep, PapX(ny = Xmyforn € Ngy,
are bounded, and

LKD? = Pyey X @ PopX.

Periodic part.
Decompose Py, X by cycle length. For k € Per(T), let
Ny = {n € Npyeyicycp(n) =k}, Xy = span{y:n € Ny}.

Then

PperX = G)kEPer(T)Xk-

Since |Per(T)| < oo, this is a finite direct sum of invariant subspaces.
On X, with k € Wper(T), we have C¥ = I, so Cf — I = 0. Hence

(K =Dy, =0.
k'eWper(T)

On X, with k € Uper(T), the set Ny is finite, so X},
is finite-dimensional, and every operator on it is compact.
Therefore q(CT)|PWX is compact.

Aperiodic part. We show that C}* |pupx is compact. Since

Q(CT)|Pa,,x = C'}”( (C!r( - 1)> |Puva

keWper(T)

and the product is bounded while compact operators form
a two-sided ideal, it suffices to prove that C}”|Papx is compact.

For € > 0, define

PWT ™) S}
CICU)) B

By the definition of Went4 (T) = m, the set F,

is finite for every € > 0.

Let P. be the projection onto span{yg:n € F},

and set Q; = I — P, on P, X. The projection P, has finite rank.
We estimate || C7*Q.f |l for f € P X.

Write f = Ynea @n Xmy With A € No(T)\F; (by definition of
PapX, f is supported on No(T)). Forn € A4, we have

ST (1)) < £ D).

F = {n € No(T):

By Lemma 2.8(ii), there exists n(g) > 0
withn(e) = 0 as e = 0 such that

(T ) <n@u(n})  (meA).
Set ¢ = 1n(e) € (0,1] for ¢ sufficiently small. By Lemma 4.3,

I CPFUS Cs P8 1 f ll= Con()YP=S 1L £ .

Hence

Il CQ. IS Csn(e)/P~% - 0 (e~ 0).

Therefore
C¥l|Pﬂpx = C‘[mPsanpX + C%"de,lpx.

where the first term has finite rank and the second has
norm tending to zero as € — 0. Hence C%”|papx isanorm
limit of finite-rank operators and is therefore compact.
Consequently, g(Cr) is compact on both

p.q
ByerX and Py X, hence on all of LK, ). O
Main Classification Theorem

Theorem 25. Let T: N — N be a self-map satisfying
Assumptions 2.2 and 2.3. Assume that b € SV, N SV,
and that Cr € B(LK;’";’ .

Then the following are equivalent:

dimalg,(Cr) < oo
i’

Wentg (T) < oo, |Per(T)| < oo
()

Wentg(T) < oo,

[Wper(T)| <o,  [Ny(T)| < oo.

Moreover, if alg,(Cy) is finite-dimensional, then

algr(Cr) = C[z]/(q(2)),

where q(z) = zmlcmkewper(r)(zk — 1), withm = Wentg (T).
Proof. The equivalence of the second and

third conditions is Lemma 3.1.

Necessity. Suppose dimalg, (Cr) < co.

Then there is a nonzero polynomial p such that p(Cr)

is compact. By Lemma 6.2, p must be divisible by z¥ — 1
for every k € Wper(T). By Lemma 6.3, p must be
divisible by z™ for every m < Wentg4 (T). Hence

Zwentd’(T)lcmkEWper(T)(Zk - 1) | p(Z).

If either Wentg, (T) = oo or |Wper(T)| = oo,

then no nonzero polynomial can satisfy these
divisibility conditions, contradiction. Hence

Wentg (T) < o0 and |Wper(T)| < oo. By

Lemma 3.1, this is equivalent to the second condition.

Sufficiency. Suppose Went4(T) < o and
|Per(T)| < c. By Lemma 7.1, the polynomial
q(z) = Zwentd’(T)lcmkEWper(T)(Zk -1

satisfies q(Cr) € K(LK;”"?). Hence q(n(Cr)) =0,
so (Cr) is algebraic in the Calkin algebra.
Consider the algebra homomorphism

Clz] — algr(Cr),  p = p@(Cr)).

Since q(m(Cr)) = 0, the kernel is a nonzero principal
ideal of C[z], say (qo). By the necessity part, every
annihilating polynomial is divisible by
Zwentd’(T)lcmkEWper(T) (Zk - 1)!

so this polynomial has the least degree among the
annihilators and is thus the monic generator of the kernel.
Hence g, = g, and by the first isomorphism theorem,

algr(Cr) = C[z]/(9). B

21.

https://academicsociety.org/deij/


https://academicsociety.org/deij/
https://academicsociety.org/deij/
https://academicsociety.org/deij/

Ajay Kumar Sharma, and Malkesh Singh., / Discover Engineering: An International Journal (2025)

iﬁég@-’ixin

gt}

Corollary 8.2 Under the hypotheses of Theorem 8.1,

Cr € K(LK\D) if and only if

Wentg(T) = 0, Wper(T) =g, |Per(T)| < oo.

Equivalently, Cy is compact if and only if the minimal
annihilating polynomial of w(Cr) in the Calkin algebra is 1.
Proof. Cr is compact iff 1(Cy) = 0 iff the minimal

annihilating polynomial is g(z) = 1. By Theorem 8.1,

q(z) = 1iff Wento(T) = 0, Wper(T) = 2, and |Per(T)| < c0. O

9 Invariance Under Slowly Varying Perturbation
Proposition 9.1 Let b € SV, N SV,,. For positive sequences

X Yn with Xn)Yn = 0and Xn < Y,
209 _ ) & lim 2 = 0. The same holds if Xy, Y — 00.

n—o Yn

Proof. By Proposition 2.6,
14 1/q
D(s) ~ (5) si/Pp(s)

(s = Oors — o0).

Hence

P(xn) _ (X_n)”" b(xn)
D) \;m/ b

By the Potter bounds for slowly varying functions
[2, Theorem 1.5.6], for every € > 0 there is a constant
C. > 0 such that

MWeed)  wen

b(y) ~ "\

Choosing € < 1/p yields

D(xy,) <c (X_n)l/P—s o
P(y) ~ O

whenever x,,/y, = 0. The converse follows from the
reverse Potter bound
®Crn)

(xn)l/p+£
2C\—
D (yn) Yn

for some e > 0.0

Proposition 9.2. Let b € SV, N SV,,. For positive sequences
X, Yp With ¢ < ;—" < C for all n, there are constants
n
P (xn)

r r r < < r
¢’,C" > 0 such that c _—cp(yn)_Cforalln.

Proof. By the doubling condition (Corollary 2.7), iterating the
inequality ®(2s) < Cy®(s) a finite number of times gives
@O(Cs) < C'P(s) for any fixed € > 0. Similarly, iterating

the lower bound gives ®(Cs) = ¢'®(s). Applying these

with € and 1/¢ t0 X, = (¥n/¥n)¥n a0d ¥ = /X)X
yields the result. O

Theorem 9.3 Let T: N — N be a self-map satisfying
Assumptions 2.2 and 2.3, and assume that for every m > 1
and every sequence n; € No(T),

“T™ ()
u({nh

QT (7))

0o
- D))

Then Wentg, (T) = Went(T), where Went(T) is the
essential enter length in the classical Lorentz space Lz'q.
Consequently, the classification of essentially algebraic
composition operators on LKbp"g is identical to that on Lz’q.

Proof. The hypothesis states precisely that the cofinite
limit defining Wentg, (T) vanishes if and only if the
cofinite limit defining Went(T) vanishes, for every m.
Hence the minimal such m is the same in both cases.

The remaining combinatorial data Per(T), Wper(T),
and Ny (T) are independent of the space. Therefore the
classification theorem and the compactness corollary
are the same. O

Corollary 9.4 The hypothesis of Theorem 9.3 is satisfied if,

for every m > 1, the ratios r,fm) = W either tend

to 0, or satisfy liminanNu(T)r,Em > 0, asn = oo along No(T).
Proof. This follows from Propositions 9.1 and 9.2. O

Remark 9.5 The slowly varying function b does not
change the zero/nonzero nature of the asymptotic ratios
that determine compactness and essential algebraicity.
The norm itself changes when b changes, but the algebraic
classification of composition operators remains the same
as in the classical Lorentz case, under the stated
regular-variation hypotheses.

10 Examples
Example 10.1 (Pure periodic case).
Let T consist of infinitely many cycles of length k. Then

Wper(T) = {k},  Per(T) ={k}, Ny(T) =g,
Hence Wentq(T) = 0,and q(z) = z* — 1.

No(T) = 2.

Thus
alg (Cp) = C[2]/(Z* - 1),

Example 10.2 (Infinite essential enter length). Let

n—1, nx=2,

ORI

Then T is finite-to-one: T~*({1}) = {1,2}, and
T~1({n}) = {n + 1} for n > 2. With counting measure,
T™™({n}) = {n+m} m=2,m=1),

N

PUI () _ S _
) oM

Hence the limit defining Wentq (T)

does not vanish for any m, so

Wentg (T) = oo.

This example shows that finite-to-one maps can
have infinite essential enter length.

Example 10.3 (Finite essential enter length).

Let T(2%) = 2k fork > 1,and T(n) = n for n not
apower of 2.ThenT(2) =1,T(4) =2,T(8) =4,
and so on. The point 1 is fixed,
2-1,4-52-1,8->4->2->1,etc.

Define the weight

p@N=2"" k=1, p@H=1 me~kz1).

Then T is finite-to-one. For n = 2¥,
T~ ({2F)) = {2k},

SO

ok+m

pIm({2p) _2°
u({2p)

S =2 =2 5 0 (ko ).

For m = 0, the ratio is 1. Hence the cofinite limit
defining Wentg (T) vanishes precisely form > 1, so

Wentg,(T) = 1.

To see that Cr is bounded, we check the criterion of
Theorem 2.9. For a singleton {n} with n not a power
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of 2, T~1({n}) = {n} and (T~ ({n})) = u({n}),
so the ratio is 1. For {2¥},

w1 ({(25)  p2ky 27"

_ o2k
W@ ow@y oz o f st
For {1}, T7*({1}) = {1,2} so
pITOR) 1427 e

w1

For a general set A € N, write A = Ay, U A, where 4,
contains non-powers of 2 and A, contains powers of 2. Then

u({2), 1€4
0,

u(T ™ (A)) = u(Anp) + Z u({Z"“}H{ 1A

k.
2kea,

Since u({2¥*1}) < u({2¥}) forallk > 1
and u({2}) = 272 < 1 = u({1}), we obtain

H(T™H(A)) < u(Anp) + z 1 {2 + p({1D) - Liea = u(A).

2kea,

Hence the ratio u(T~*(A))/u(A) < 1 forall 4, and
by monotonicity of ®, the supremum in Theorem
2.9 is finite. Therefore Cr is bounded on LK;’;}.

The essential characteristic polynomial is

q(2) = z(z= 1),

since Wper(T) = {1} (all fixed points have cycle
length 1, and there are infinitely many of them).
Example 10.4 (Slowly varying perturbation). Let
b(t) = (1 + |logt])%, a €R

Then b € SV, N SV, and

@(s) = sP(1 + |logs|)%.

For the explicit sequences

—n?

x, =e ™, n

Yn=e€",

we have x,,/y, = 0 and

P(x) (xn)“v (1 + |logxnl)“ 0
Pn) o 1+ [logyy|

So the slowly varying factor does not
change the zero/nonzero nature of the limit.
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